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Abstract 

We propose an outgrowth of the expansion method introduced by de Azcarraga et al. [Nucl. 
Phys. B 662 (2003) 185]. The basic idea consists in considering the direct product between an 
abehan semigroup S and a Lie algebra 3. General conditions under which relevant subalgebras can 
systematicahy be extracted from S" x g are given. We show how, for a particular choice of semigroup 
S, the known cases of expanded algebras can be reobtained, while new ones arise from different 
choices. Concrete examples, including the M algebra and a D'Auria-Fre-like Superalgebra, are 
considered. Finally, we find explicit, non-trace invariant tensors for these S'-expanded algebras, 
which are essential ingredients in, e.g., the formulation of Supergravity theories in arbitrary space- 
time dimensions. 
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INTRODUCTION 



The role played by Lie algebras and their interrelations in physics can hardly be over- 
emphasized. To mention only one example, the Poincare algebra may be obtained from the 
Galilei algebra via a deformation process. This deformation is one of the ways in which 
different Lie algebras can be related. 

The purpose of this paper is to shed new light on the method of expansion of Lie algebras 
(for a thorough treatment, see the seminal work [ij] and references therein; early work on the 
subject is found in {2!). An Expansion is, in general, an algebra dimension-changing process. 



For instance, the M algebra 



with 583 Bosonic generators, can be regarded as an 



expansion of the orthosymplectic algebra osp (32|1), which possesses only 528. This vantage 
viewpoint may help better understand fundamental problems related to the geometrical 
formulation of 11- dimensional Supergra_vit^. Some phy sica applications of the expansion 



procedure have been developed in 



6 



7 



10, 



me pnyi 

iil,Q 



ll3|,ll|. 



The approach to be presented here is entirely based on operations performed directly on 

n 

the algebra generators, and thus differs from the outset with the one found in [Ij , where the 
dual Maurer-Cartan formulation is used. As a consequence, the expansion of free differential 
algebras lies beyond the scope of our analysis. 

Finite abelian semigroups play a prominent role in our construction. All expansion cases 
found in [l| may be regarded as coming from one particular choice of semigroup in the 
present approach, which is, in this sense, more general. Different semigroup choices yield, 



in general, expanded algebras that cannot be obtained by the methods of 



The plan of the paper goes as follows. After some preliminaries in section [TTl section IIIII 



introduces the general procedure o 
and shows how the cases found in 



abelian semigroup expansion, S'-expansion for short, 
l| can be recovered by an appropriate choice of semi- 



group S. In section llVt general conditions are given under which relevant subalgebras can 



be extracted 
conditions 



15 



rom an ^-expanded algebra. The case when g satisfies the Weimar- Woods 



161] and the case when g is a superalgebra are studied. Section |V] gives three 
exphcit examples of S'-expansions of osp(32|l): (i) the M algebra sl, 0,151, (ii) a D'Auria- 
Fre-like Superalgebra and (iii) a new Superalgebra, different from but resembling aspects 
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of the M algebra, osp (32|1) x osp (32|1) and D'Auria-Fre super algebras. In section |Vll the 
remaining cases of expanded algebras shown in |l| are seen to also fit within the current 



scheme. The five-brane Superalgebra 18|, |l9|] is given as an example. Section IVIII deals with 
the crucial problem of finding invariant tensors for the (S-expanded algebras. General theo- 
rems are proven, allowing for nontrivial invariant tensors to be systematically constructed. 
We close in section IVIIII with conclusions and an outlook for future work. 



II. PRELIMINARIES 

Before analyzing the S'-Expansion procedure itself, it will prove convenient to introduce 
some basic notation and definitions. 



A. Semigroups 



Definition II. 1 Let S = {Xa} be a finite semigroup 132 1. and let us write the product of 
Aqi 1 • • • , Aq,„ & S as 

Aq-i ■ ■ ■ Aq,„ — A^(Q,i,...,a„) • (1) 

The n-selector K^^ ^ is defined as 

^ _ \ 1, when p = -f{au...,an) 
I 0, otherwise. 

Since S is associative, the n-selector fulfills the identity 
K P = K K f = K 

Using this identity it is always possible to express the n-selector in terms of 2-selectors, 
which encode the information from the multiplication table of S. 

An interesting way to state the same is that 2-selectors provide a matrix representation 
for S. As a matter of fact, when we write 

[A«]/ = i^,/ (4) 

then we have 

[A«]/[A/3]/ = i^./[A.]/=[A,(.,,)];. (5) 
4 



We will restrict ourselves from now on to abelian semigroups, which implies that the 
n-selectors will be completely symmetrical in their lower indices. 

The following definition introduces a product between semigroup subsets which will be 

extensively used throughout the paper. 

Definition II. 2 Let Sp and Sg be two subsets of S. The product Sp ■ Sg is defined as 

Sp • Sg — {A-y such that A-y = Xap^aq) with e Sp and A^^ £ -S'g} (Z S. (6) 

In other words, Sp • Sg (Z S is the set which results from the product of every element of Sp 
with every element of Sg. Since S is abelian, Sp ■ Sg — Sg ■ Sp. 

Let us emphasize that, in general, Sp, Sg and Sp-Sg need not be semigroups by themselves. 
The abelian semigroup S could also be provided with a unique zero element, O5. This 
element is defined as the one for which 

OsXa = XaOs = O5, (7) 

for each A^ G 5. 



B. Reduced Lie Algebras 

The following definition introduces the concept of reduction of Lie algebras. 

Definition II. 3 Consider a Lie (super) algebra g of the form g — Vq ®Vi, with {Ta^} being 
a basis for Vq and {Ta^} a basis for Vi. When [Vq, Vi] C Vi, i.e., when the commutation 

relations have the general form 

[TaoiTb^^] = C'agf,y''Tco + C^^^^^'^Tcj, (8) 
[Tao,n,] = C„„,,'=^T,„ (9) 

[TaM = C^.b^Tco + C„,,,^^Te„ (10) 

then it is straightforward to show that the structure constants C^^^^^'^^ satisfy the Jacobi 
identity by themselves, and therefore [Ta^jThol — C^^^^^'^Tcq corresponds by itself to a Lie 
(super) algebra. This algebra, with structure constants 0^^^^'^° , is called a reduced algebra of 
g and symbolized as |Vo| . 
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The reduced algebra could be regarded in some way as the "inverse" of an algebra ex- 
tension, but Vi does not need to be an ideal. Note also that a reduced algebra does not in 
general correspond to a subalgebra. 



III. THE 5-EXPANSION PROCEDURE 

A. S-Expansion for an Arbitrary Semigroup S 

The following theorem embodies one of the main results of the paper, the concept of 
S'-expanded algebras. 

Theorem III.l Let S = {Xa} be an abelian semigroup with 2-selector K^^^ and g a Lie 
(super) algebra with basis {T^} and structure constants Cj^^^ . Denote a basis element of the 
direct product Sxg by T(^A,a) = ^oTa and consider the induced commutator \T(^A,a), 3^(s,/3)] = 
\aXf3 [Ta,Tb]- Then, S x q is also a Lie (super) algebra with structure constants 



Proof. Starting from the form of the induced commutator and using the multiplication 
law ([1]) one finds 



C, 



(C,7) 




C 



(11) 



(A,a)(B,/3) 



AB 



[T(A,a),T(^B,l3)] = ^a^f3[TA,TB] 



The definition of the 2-selector K^f [cf. eq. ([2])], 




1, when p = 7 (a, (3) 
0, otherwise, 



now allows us to write 



Therefore, the algebra spanned by {T(^A,a)] closes and the structure constants read 



(12) 



(C,7) 




c 



(13) 



(A,a)(B,/3) 



AB 



6 



Since S is abelian, the structure constants C^^^^^^ ^^^'^'"'^ have the same symmetries as 



Cab'^^ namely 

^ {C,7) _ _ /_i\q(A)q(B) ^ {C,7) f-. A\ 

^{A,a){B,f3) ~ y ^) ^{B,f3){A,a) ' V^^) 

and for this reason, q {A, a) = q (A), where q (A) denotes the degree of (1 for Fermi and 
for Bose). 

In order to show that the structure constants (^(^ /j)^'"''*^'' satisfy the Jacobi identity, 
it suffices to use the properties of the selectors [cf. eq. ([3])] and the fact that the structure 
constants C^^*" satisfy the Jacobi identity themselves. This concludes the proof. ■ 

The following definition is a natural outcome of Theorem IIII.ll 

Definition III. 2 Let S be an abelian semigroup and g a Lie algebra. The Lie algebra 
defined by & = S x g is called S*- Expanded algebra of g. 

When the semigroup has a zero element O5 G S*, it plays a somewhat peculiar role in the 
iS-expanded algebra. Let us span S in nonzero elements Xi, i = 0, . . . , N and a zero element 
Aat+i = Os- Then, the 2-selector satisfies 

K.,N-,i' = K^^J = 0, (15) 

= K^^,/^' = 1, (16) 

^;v+i,^+/' = 0, (17) 

A'^+i^iv+i^^^ = 1. (18) 

Therefore, (& = S x g can be split as 

[T(A,i),T^B,j)] = K-.l'CAj^^T(^c,k) + K--^^^Cj^j^^T(c,N+i), (19) 

[T{A,N+l),T(B,j)\ = C^B*^^(C,Af+l), (20) 
[T(A,N+l),T(^B,N+l)] = C^B*^T(c,Ar+i). (21) 

Comparing (fT9l) - (!2Tl) with (!8!)- (fT0l) . one sees that the commutation relations 

[T(A,i),T(^B,j)] = K-j'^C^B^T^ck) (22) 



are those of a reduced Lie algebra of (see Def. III.Sp . The reduction procedure in this 



particular case is equivalent to imposing the condition 

T^A,N+i) = OsTa = 0. (23) 



Notice that in this case the reduction abehanizes large sectors of the algebra; for each i 
and j satisfying K^j'^^^ = 1 (i.e., XiXj = Xn+i) we have [T^A,i),T(^B,j)] = 0. 
The above considerations motivate the following definition: 

Definition III. 3 Let S be an ahelian semigroup with a zero element O5 G S, and let = 
S* X g he an S-expanded algebra. The algebra obtained by imposing the condition ^sTa = 
on (or a subalgebra of it) is called O^-reduced algebra of (3 (or of the subalgebra) . 

The algebra (122!) appears naturally when the semigroup's zero matches the (algebra) 
field's zero. As we will see in the next section, this is the way Maurer-Cartan forms power- 
series expanded algebras fit within the present scheme. It is also possible to extract other 
reduced algebras from 0; as will be analyzed in Sec. IVTl the O^-reduced algebra turns out 
to be a particular case of Theorem IVI.ll 



B. Maurer Cartan Forms Power Series Algebra Expansion as an 5'-Expansion 

The Maurer-Cartan forms power series algebra expansion method is a powerful procedure 
which can lead, in stark contrast with contraction, deformation and extension of algebras, 
to algebras of a dimension higher than the original one. In a nutshell, the idea consists of 
looking at the algebra q as described by the associated Maurer-Cartan forms on the group 
manifold and, after rescaling some of the group parameters by a factor A, in expanding the 
Maurer-Cartan forms as a power series in A. Finally this series is truncated in a way that 
assures the closure of the algebra. The subject is thoroughly treated by de Azcarraga and 
Izquierdo in Ref. [2^ and de Azcarraga, Izquierdo, Picon and Varela in Ref. 1]. 

Theorem 1 of Ref. [l| shows that, in the more general case, the expanded Lie algebra has 
the structure constants 

_ (rk\ \ 0) wheni + jT^A; ^ ^ 

I ^AB 5 when t + J = k 

where the parameters i, j, k = 0, . . . , N correspond to the order of the expansion, and is 
the truncation order. 

These structure constants can also be obtained within the 5'-expansion procedure. In 
order to show this, one must consider the 05-reduction of an S'-expanded algebra where S 
corresponds to the semigroup defined below. 
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Definition III. 4 Let us define S^^^ as the semigroup of elements 

Sl,""^ = {X^,a = 0,...,N + l}, (25) 
provided with the multiplication rule 

AqA/3 = XHN+i{a+P), (26) 

where H^+i is defined as the function 

{X, when x < n 
(27) 
n, when x > n 

The 2-selectors for S'g^^ read 

^«/ = '^U(„+/3)> (28) 
where 6^ is the Kronecker delta. From eq. ^MB), we have that Xn+i is the zero element in 

cW • \ n 

Using eq. (fTTj) . the structure constants for the S'^^'^-expanded algebra can be written as 

with a, /3, 7 = 0, . . . , + 1. When the extra condition Xn+iTa = is imposed, eq. ( l29|l 
reduces to 

'^(A,i)(Bj)^'^' = ^^^j^AB^ ^ (30) 

which exactly matches the structure constants ( l24l) . 

The above arguments show that the Maurer-Cartan forms power series expansion of an 
algebra 0, with truncation order A^, coincides with the O^-reduction of the S'g''^^-expanded 
algebra <6^^^ = x q. 

This is of course no coincidence. The set of powers of the rescaling parameter A, together 
with the truncation at order A^, satisfy precisely the multiplication law of S^^^ . As a matter 
of fact, we have 

and the truncation can be imposed as 

A° = when a > A^. (32) 



It is for this reason that one must demand OsTa = in order to obtain the MC expansion 
as an S's-expansion: in this case the zero of the semigroup is the zero of the field as well. 

The S'-expansion procedure is valid no matter what the structure of the original Lie alge- 
bra g is, and in this sense it is very general. However, when something about the structure 
of Q is known, a lot more can be done. As an example, in the context of MC expansion, 
the rescaling and truncation can be performed in several ways depending on the structure 
of g, leading to several kinds of expanded algebras. Important examples of this are the 
generalized Inonii-Wigner contraction, or the M algebra as an expansion of osp (32|1) (see 



Refs. [ll, l21[). This is also the case in the context of iS-expansions. As we will show in the 
next section, when some information about the structure of g is available, it is possible to 
find subalgebras of & = S x g and other kinds of reduced algebras. In this way, all the alge- 
bras obtained by the MC expansion procedure can be reobtained. New kinds of 5'-expanded 
algebras can also be obtained by considering semigroups different from Se- 

IV. 5-EXPANSION SUBALGEBRAS 

An S'-expanded algebra has a fairly simple structure. In a way, it reproduces the original 
algebra g in a series of "levels" corresponding to the semigroup elements. Interestingly 
enough, there are at least two ways of extracting smaller algebras from S x g. The first one, 
described in this section, gives rise to a "resonant subalgebra," while the second, described 
in section |Vll produces reduced algebras (in the sense of Def . III.3P . 

A. Resonant Subalgebras for an Arbitrary Semigroup S 

The general problem of finding subalgebras from an S'-expanded algebra is a nontrivial 
one, which is met and solved (in a particular setting) in this section (see theorem IIV.2I 
below). In order to provide a solution, one must have some information on the subspace 
structure of g. This information is encoded in the following way. 

Let g = 0pgj be a decomposition of g in subspaces Vp, where / is a set of indices. For 
each g G / it is always possible to define C / such that 




(33) 
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In this way, the subsets store the information on the subspace structure of g. 

As for the abehan semigroup S, this can always be decomposed as 5" = IJpe/ "^p' where 
Sp C S. In principle, this decomposition is completely arbitrary; however, using the prod- 
uct from Def. 111.21 it is sometimes possible to pick up a very particular choice of subset 
decomposition. This choice is the subject of the following 

Definition IV. 1 Let q = ^p^jVp be a decomposition of q in subspaces, with a structure 
described by the subsets i{p,q), as in eq. l[3^) . Let S = UpG/ "^p subset decomposition of 
the abelian semigroup S such that 



where the subset product ■ is the one from Def. \ILSl When such subset decomposition 
S = Upe/ '^p ^^^'^^s, then we say that this decomposition is in resonance with the subspace 
decomposition of q, g = 0^^/ Vp. 

The resonant subset decomposition is crucial in order to systematically extract subalge- 
bras from the iS-expanded algebra = 5* x g, as is proven in the following 

Theorem IV. 2 Let g = ^p^j Vp be a subspace decomposition of g, with a structure de- 
scribed by eq. ^3^, and let S = IJpe/ ^ resonant subset decomposition of the abelian 
semigroup S, with the structure given in eq. (3^ . Define the subspaces of (& = S x g, 




(34) 



Wp = SpX Vp 



pi 



pe L 



(35) 



Then 



(36) 



is a subalgebra of (S = S x g. 



Proof. Using eqs. (j33l) - (j34ll . we have 



[Wp,W,] C (Sp-S,) X [Vp,V,] 




(37) 
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Now, it is clear that for each r G i{p,q), one can write 

fl SsCSr. (38) 

Then, 

[Wp,W,]C SrXVr (39) 

and we arrive at 

[Wp,W,] C Wr. (40) 



(p. 9) 



Therefore, the algebra closes and 0r = 0pg/ Wp is a subalgebra of 6. ■ 

Definition IV. 3 The algebra 0r = ©pg/ Wp obtained in Theorem \IV.B is called a Reso- 
nant Subalgebra of the S -expanded algebra & = S x q. 

The choice of the name resonance is due to the formal similarity between eqs. ( !33|) 
and flM|) : eq. flM|) will be also referred to as ''resonance condition." 

Theorem IIV.2I translates the difficult problem of finding subalgebras from an S'-expanded 
algebra & = S x g into that of finding a resonant partition for the semigroup S. As the 
examples from section |V] help make clear, solving the resonance condition ( l34l) turns out 
to be an easily tractable problem. Theorem IIV.2I can thus be regarded as a useful tool for 
extracting subalgebras from an S-expanded algebra. 

Using eq. (fTT!) and the resonant subset partition of S it is possible to find an exphcit 
expression for the structure constants of the resonant subalgebra (Sr. Denoting the basis of 
Vp by {TLp}, one can write 

C'(a„a,)(b,A)^'"^'^ = ^ap/s/'C'^^b/' with Op, 7, SUch that E Sp, Xp^ G Sg, X^^ E Sr. 

(41) 

An interesting fact is that the S'-expanded algebra "subspace structure" encoded in ?(p g) 
is the same as in the original algebra g, as can be observed from eq. pUj) . 

Resonant Subalgebras play a central role in the current scheme. It is interesting to notice 
that most of the cases considered in [l| can be reobtained using the above theorem for S = Se 
[recall eqs. ( l25l) - (!26l) ] and 05-reduction, as we will see in the next section. All remaining 
cases can be obtained as a more general reduction of a resonant subalgebra (see sec. I VII) . 
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B. S = Se Resonant Subalgebras and MC Expanded Algebras 

In this section, some results presented for algebra expansions in Ref. [l| are recovered 
within the S'-expansion approach. To get these algebras one must proceed in a three-step 
fashion: 

1. Perform an S'-expansion using the semigroup S = Se, 

2. Find a resonant partition for Se and construct the resonant subalgebra 0r, 

3. Apply a 05-reduction (or a more general one, see sec. rvT|l to the resonant subalgebra. 

Choosing a different semigroup S or omitting the reduction procedure one finds algebras 
not contained within the Maurer-Cartan forms power series expansion of Ref. Such an 
example is provided in sec. IV C[ 

1. Case when g = Vq (BVi, with Vq being a Subalgebra and V\ a Symmetric Coset 



Let g = Vo © Vi be a subspace decomposition of g, such that 



(42) 
(43) 
(44) 



Let S^"^ = So U 5*1, with arbitrary, be a subset decomposition of Se, with 
So = |A2m, with m = 0, . . 
-S*! = < Asm+i, with m = 0, . . . , 



U {\n+i} 
N -I 



U {A^+i} 



(45) 
(46) 



This subset decomposition of S^^^ satisfies the resonance condition (IMl) . which in this 
case explicitly reads 



'S'o • So C So 

50 ■ S\ C S\ 

51 • Si C So- 



(47) 
(48) 
(49) 
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Therefore, according to Theorem IIV.21 we have that 



C5R = H^o©m, 



(50) 



with 



Wo = SoX Vo, 
= Six Vi, 



(51) 
(52) 



is a resonant subalgebra of (5. 

Using eq. PTI) . it is straightforward to write the structure constants for the resonant 
subalgebra, 



(Cr,7r) _ r7r ^ C,. -,1 I 



p,q = 0,1 

Oip,f3p,jp = 2m + p, 
Imposing X^^iTa = 0, the O^-reduced structure constants are obtained as 



p,q = 0,1 

Oip^Pp,^ = 2m + p, 
m = 0,...,[^]. 



(53) 



In order to compare with the MC Expansion, let us observe that, with the notation of [l|, 
the O^-reduction of the S's-expanded algebra corresponds to Q {Nq,Ni) for the symmetric 



coset case, with 



N' 
N -1 



+ 1. 



(54) 
(55) 



The structure constants fl53|) correspond to the structure constants (3.31) from Ref. |l| 
(the notation is slightly different though). 

A more intuitive idea of the whole procedure of S'-expansion, resonant subalgebra and 
O^-reduction can be obtained by means of a diagram, such as the one depicted in Fig. [H 
This diagram corresponds to the case Q = Vq®Vi, with Vq a subalgebra and Vi a symmetric 



coset, and the choice S = 



(3) 
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Semigroup 
Elements 



Semigroup 
Elements 



Semigroup 
Elements 



(a) 



Subspaces 



Subspaces 



ib) 



Vo V, 



Subspaces 



(3) 

FIG. 1: -expansion of an algebra g = Vo©Vi, where Vq is a subalgebra and Vi a symmetric coset. 
(a) The gray region corresponds to the full 5^ -expanded algebra, & = x g. [h) The shaded 
area here depicts a resonant subalgebra ©r. (c) The gray region now shows the Og-reduction of 
the resonant subalgebra Sr. 

The subspaces of q are represented on the horizontal axis, while the semigroup elements 
occupy the vertical one. In this way, the whole -expanded algebra 5"^. x g corresponds 
to the shaded region in Fig. [D (a). In Fig. [D (6), the gray region represents the resonant 
subalgebra 0r = W^o © Wi with 



50 — {Ao,A2,A4} 

51 = {Ai,A3,A4} 



(56) 
(57) 



Let us observe that each column in the diagram corresponds to a subset of the resonant 
partition. Finally, Fig. [1] (c) represents the O^-reduced algebra, obtained after imposing 
A4 X = 0. This figure actually corresponds to the case Q {Nq, Ni). 

As is evident from the above discussion, the case = 1, Aat+iT^ = reproduces the 
Inonii-Wigner contraction for g = Vq © Vi. More on generalized Inonii-Wigner contractions 
is presented in section |VT1 
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2. Case when g fulfills the Weimar- Woods Conditions 



Let g = 0p=Q Vphe a. subspace decomposition of g. In terms of this decomposition, the 



Weimar- Woods conditions 



15 



16| on read 



Hu{p+q) 



r=0 



Let 



S-E — \^ Sp 

p=0 

be a subset decomposition of S'e, where the subsets Sp C S'e are defined by 

Sp = {Aqj,, such that = . . . , + ij 



(58) 



(59) 



(60) 



with N + l>n. 

This subset decomposition is a resonant one under the semigroup product fl26|) . because 
it satisfies [compare eq. (16T!) with eq. (158|) ] 



(61) 



Sp ■ Sq = SH„{p+q) C 1^ S'r. 

r=0 



According to Theorem IIV.2[ the direct sum 



p=0 



(62) 



with 



is a resonant subalgebra of 0. 

Using eq. (14T|) . we get the following structure constants for the resonant subalgebra: 



C. 



(ap,ap){bq,l3q) 



{Cr,7r) _ pr 



C„ . " with 



-ffjv + l(Op+/3q) apbq 

Imposing Atv+iTa = 0, this becomes 



p,g,r = 0, . . . ,n 



p,g,r = 0, . . . ,n 
Op, /3p, 7p = P> • • • , ^ 



(63) 
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V V V V 

'^O '^l ^2 '^3 

{b) 



Subspaces 



V V V V 
^0 ^\ ^2 '^S 

FIG. 2: (a) The shaded region shows a S^'^ resonant subalgebra when Q = Vq ® Vi ® V2 ® 
satisfies the Weimar- Woods conditions, {h) The O^-reduction of this resonant subalgebra removes 
all sectors of the form O5 x g. This corresponds to the case ^(4,4,4,4) in the context of 

This Os-reduced algebra corresponds to the case Q {Nq, . . . , A^„) of Theorem 3 from [l] 
with Np = N for every p = 0, . . . ,n. The structure constants (163!) correspond to the ones of 
eq. (4.8) in Ref. |l| (with a slightly different notation). The more general case, 



P+i 



Np or 
Np + 1 



can be also obtained in the context of an S'-expansion, from a resonant subalgebra and 
applying a kind of reduction more general than the 05-reduction (see sec. |Vl]and app. Rl) . 

The resonant subalgebra for the Weimar- Woods case with n = 3, = 4 and its 05- 
reduction are shown in Fig. [2] (a) and {b), respectively. 



3. Case when g = Vq © 14 © V2 is a Superalgebra 

A superalgebra q comes naturally split into three subspaces Vq, Vi and V2, where Vi cor- 
responds to the Fermionic sector and Vq © V2 to the Bosonic one, with Vq being a subalgebra. 
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This subspace structure may be written as 



C Vo, 
c V2, 



(64) 
(65) 
(66) 
(67) 
(68) 
(69) 



Let Sl^^ = 5*0 U 5*1 U 5*2 be a subset decomposition of S'^''' , where the subsets So, Si, S2 



(N) 



are given by the general expression 



Sn 



^2m+p, with m = 0, . . . 



N -p 



U{A^+i}, p = 0,l,2. 



(70) 



This subset decomposition is a resonant one, because it satisfies [compare eqs. fl7T]) - fl76|) 
with eqs. (pi)-(l69l)] 



Sq ■ Sq C 5*0, 

Sq ■ Si c Si, 

Sq ■ S2 c 5*2, 

Si • Si d Sq n 5*2, 

51 ■ S2 C 5*1, 

52 ■ S2 c 5*0 n S'2. 



(71) 
(72) 
(73) 
(74) 
(75) 
(76) 



Theorem HV;! assures us that (Sr = M/q © W^i © W2, with Wp = Sp x Vp, p = 0, 1, 2, is a 
resonant subalgebra. 

Using eq. fj4T|) . it is possible to write down the structure constants for the resonant 
subalgebra as 



Cf vh « = , , with { 



p,q,r = 0, 1,2, 

ap,Pp,'yp = 2m + p, (77) 
Imposing Aat+iT^ = 0, the structure constants for the O^-reduction of the resonant 
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FIG. 3: (a) The shaded area corresponds to an S^^^ resonant subalgebra of © = S^'^ x g when g is 
a superalgebra. {h) The gray region shows the O^-reduction of the resonant subalgebra 0r. This 
corresponds to ^(4,3,4) in the context of 



subalgebra are obtained: 



(Cr,7r-) _ r7r ^ Cr , I 



p,q,r = 0, 1,2, 
ap,/?p,7p = 2m + p, 
m = 0,...,[V]- 



(78) 



This O^-reduced algebra corresponds to the algebra Q {Nq, Ni, N2) with 

-p' 



found in theorem 5 o 
stants (5.6) from Ref. 



Np = 2y-^ +p, p = 0,l,2 

Ref. The structure constants ( j78ll match the structure con- 
!!• 

Fig. [3] (a) shows the resonant subalgebra for the case of superalgebras, and Fig. [3] (6), its 
corresponding Og-reduction, for the case = 4. 
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V. S-EXPANSIONS OF osp (32|1) AND d = 11 SUPERALGEBRAS 



In this section we explore some explicit examples of ^'-expansions. In general, every 
possible choice of abelian semigroup S and resonant partition will lead to a new <i = 11 
superalgebra. Note however that the existence of a resonant partition is not at all guaranteed 
for an arbitrary semigroup S. 

Since our main physical motivation comes from 11-dimensional Supergravity, we shall 
always take the orthosymplectic superalgebra osp (32 11) as a starting point. A suitable basis 
is provided by {Pa, Jab, ^abcde, Q}, where {Pa, Jab} are the anti-de Sitter (AdS) generators, 
^abcde IS a 5-index antisymmetric tensor and Q is a 32-component, Majorana spinor charge. 
The osp (32 1 1) (anti)commutation relations explicitly read 

[Pa,Pb] = Jab, (79) 

[J"^pJ = 6tp\ (80) 

[J''\jai] = Stij^f, (81) 

[Pa, ^bi-bil = --^^^abi-bBCi-CBZ"^"'"^, (82) 
[^"',^c...c.] = ^C^.:cr^'e...e., (83) 

^ S:ai—aBC4CBC6 [ciC2C3][did2d3] /ycj—cii (QA\ 

3i3i5i'^ci-cii%d2(i36i...65'/ ^ , yo'i:) 

[Pa,Q] = -l^aQ, (85) 
[Jab,Q] = -l^abQ, (86) 
[ZabcdcQ] = —-^abcdeQ, (87) 



23 
1 

5! 



+ Tr VJ- ) ^ abode 



(88) 

where C^o- is the charge conjugation matrix and are Dirac matrices in 11 dimensions. 
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As a first step towards the S*- Expansion, the osp (32|1) algebra is written as the direct 
sum of three subspaces: 

05p(32|l) = yo©^i©^2, (89) 

where Vq corresponds to the Lorentz subalgebra (spanned by Jab), Vi to the Fermionic 
subspace (spanned by Q) and V2 to the translations and the M5-brane piece (spanned by 
Pa and Zabcde)- The subspace separation (l89l) satisfies conditions fl64|) - fj69|) . as can be easily 
checked. 

The M algebra |5| and a Superalgebra similar to those of D'Auria-Fre [I'i^ are 

rederived in next sections using S = with N = 2 and = 3, respectively. As an 
example of an 5'-expansion with S 7^ Se, the case S" = Z4 is considered in section IV C\ 
where a new superalgebra resembling aspects of the M algebra, osp (32 11) x osp (32 11) and 
D'Auria-Fre superalgebras is found. 

The inclusion of the M algebra among the examples draws from two different but related 
facts. First, the S*- Expansion paradigm casts the M algebra as one from a family of superal- 
gebras, all derived from osp (32|1) through different choices for the semigroup and different 
alternatives of reduction, when present at all. This can be relevant from a physical point of 
view, since all of them share important features. The second reason deals with the construc- 
tion of Chern-Simons and transgression Lagrangians. As will be shown in sec. IVIIt invariant 
tensors for resonant subalgebras and O^-reduced algebras thereof are readily available, but 
this is not the case for general reduced algebras. As such, the fact that the M algebra stems 
from a Og-reduction is interesting not only because it provides with an invariant tensor 
derived from osp(32|l), but also because it brings about the possibility of considering its 
direct generalization, namely, the resonant subalgebra from where it was extracted. More 
on the physical consequences of regarding the M algebra as the O5- reduction of a resonant 
subalgebra is found in 



A. The M Algebra 



As treated in detail in 



2l| . the complete M algebra (i.e., including its Lorentz part) 



can be obtained by means of an MC expansion of osp (32|1). Within the present scheme, the 
M algebra should be recovered via an S'-expansion with S = S-^ followed by a 05-reduction, 
as explained in section IIIIBI 
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FIG. 4: The M algebra as an S'g -expansion of 05p (32|1). (a) A resonant subalgebra of the - 

(2) 

expanded algebra © = S'g x osp (32 11) is shown in the shaded region, (b) The M algebra itself 
(gray area) is obtained after Os'-reducing the resonant subalgebra. 

In order to obtain the M algebra in the context of 5'-expansions, one has to pick = 
{Ao, Ai, A2, A3}, use the resonant partition ( 1701) and impose the condition AsT^ = 0. This 
amounts to explicitly writing the structure constants (ITHl) for this case. For the sake of 



simplicity, let us relabel J, 



ab 



'{ab,0) 



, Qa = Q 



ia,l), 



J{ab,2)i Pa 



Z{abcde,2) , as showu in Fig. HI The resulting algebra reads 



(a,2)) 



■'abcde 



[Pa,Pb] 

[r\Pc] 

[j"*, Jcd\ 



0, 



rab pe 
jrabf je 



(90) 
(91) 
(92) 



[j"^. Zed] 

[Pa, -^bi-fes] 



jrabf ye 

0, 



0, 

^ ra6ei---e4 r^d 

0, 
0, 



(93) 
(94) 
(95) 
(96) 
(97) 
(98) 
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[Pa, 


Q] 


= 0, 


[Jab, 


Q] 




[Zab, 


Q] 


= 0, 


^abcde , 


Q] 


= 0, 



(99) 

(100) 
(101) 
(102) 



{Q',Q''] 



1 

23 
1 

'5! 



[V^C-T Pa-=^{^^'C-T Zab+ 



FT V-*- ^ ) ^abcde 



(103) 



Note that the role of the 05-reduction in the process is that of abehanizing large sectors 
of the resonant subalgebra. 



B. D'Auria Pre-like Superalgebra 

The above example used S^^ = {Aq, Ai, A2, A3} as abelian semigroup to perform the 
expansion. In this section, the results of choosing instead S^^ = {Aq, Ai, A2, A3, A4} while 
leaving everything else (including the Oo-reduction) unchanged are examined. 



A D'Auria-Fre-like Superalgebra 17|], with one extra Fermionic generator as compared 
with osp(32|l) or the M algebra, is obtained by picking the resonant partition ( ITOl) and 
O^-reducing the resulting resonant subalgebra. Relabeling generators as Jab = J{ab,o), Qa = 

^ab = J{ab,2), Pa = P{a,2), Z abode = Z(^abcde,2), Qa = Q{a,3), OUC fiuds the StrUCture 

depicted in Fig. [51 While this algebra has the same structure (i.e., same number and type 
of generators, with commutators valued on the same subspaces) as the ones introduced by 



D'Auria and Fre in [17|, the details differ, so it cannot really correspond to any of them [34 1 
(hence the "-like"). 

The (anti) commutation relations, which can be read off directly from the structure con- 
stants flTHj) after applying condition f[23l) . bear a strong similarity with those from the M al- 
gebra. Only the following three differ: 

[Pa,Q] = —TaQ', (104) 
[Zab,Q] = -^TabQ', (105) 
[Zabcde,Q] = —^abcdeQ'- (106) 
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FIG. 5: A D'Auria-Pre-like Superalgebra regarded here as an 5^; -expansion of osp (32|1). (a) A 
resonant subalgebra of the 5^, -expanded algebra = S'g x osp (32|1) is shown in the shaded 



region, {h) A Superalgebra similar to the ones introduced by D'Auria and Fre in |17|] is obtained 
after 05-reducing the resonant subalgebra. 

The (anti) commutation relations which directly involve the extra Fermionic generator Q' 
read 



[Pa,Q'] = 0, 

[Zab.Q'] = 0, 

[Zahcde, Q'] = 0, 

{Q,Q'} = 0, 

{Q',Q'} = 0, 



[Jab,Q'] — —-^abQ'- 



(107) 
(108) 
(109) 
(110) 
(111) 

(112) 



The extra Fermionic generator Q' is found to (anti) commute with all generators from the 
algebra but the Lorentz generators (which was to be expected due to its spinor character). 
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C. Resonant Subalgebra of Z4 x osp (32|1) 



Cyclic groups seem especially suitable for an 5'-expansion, because, on one hand, they are 
groups and not only semigroups (and therefore there is no O5 element and no O^-reduction), 
and on the other, because the multiplication law for a cyclic group looks very similar to the 
multiplication law of the semigroup Se, 

(113) 
(114) 

The cyclic group Z4 in particular was chosen for this example because the Z2 case is trivial 
[the resonant subalgebra is osp(32|l) itself] and Z3 seems to have no resonant partition; 
therefore Z4 corresponds to the simplest nontrivial case. 

Since this example uses a semigroup different from Se, the algebra obtained does not 
correspond to a Maurer-Cartan forms power-series expansion. 

Given a superalgebra = Vq © Vi © V2 with the structure (IMl) - fl69l) . a resonant partition 
of Z4 = {Ao, Ai, A2, A3} is given by 

^o = {Ao,A2}, (115) 
^i = {Ai,A3}, (116) 
^2 = {Ao,A2}. (117) 

In order to avoid a cluttering of indices, relabel Jab = J{ab,o), ^'ai -as — ^{ai--a5,o), Pa — 

P{a,0), Qa = Q{a,l), Zab = J{ab,2), Za^-.-a^ = Z(^ai---a5,2), Pa = P{a,2) and Q'^ = Q(a,3), aS 

shown in Fig. [6l 

The full resonant subalgebra can be easily obtained using the structure constants dH]); 
here we shall only quote some of its more interesting sectors. 

This algebra has two very conspicuous features: first, it bears some resemblance to the 
M algebra, for both Fermionic generators Q and Q' satisfy 



1 
1 

5! 



{T'^C~TPa-l{r'''C-TZab + 



-TTT (.J- ^ ) ^abcde 



;ii8) 
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FIG. 6: A new d = 11 Superalgebra, different from but resembling aspects of both the M algebra 
and the D'Auria-Fre Superalgebras, is obtained directly as a resonant subalgebra (shaded region) 
of the S'-expanded algebra Z4 x osp (32|1). 



[P'a-, Pb\ — Jab-, 



Second, the algebra has two "AdS-boosts generators" for the same Lorentz algebra, 

[Pa: Pb\ = Jab-, 

[J'^^ = 5fcP"^ [J"\ Pc] = ^fcP" 

e 
f 



[J"', Jc4 = €iJ' 



(119) 



[Pa,P!] = Za 



The "charges" Zah, Za^...a^ and Z'^^,,,^^ are Lorentz tensors, but they are not abelian, 

[Z^\Z,,]=6fJrf, (120) 



[Z'^^-'^^Z,,...,^] 



[ y/ai-'-as y/ 1 
^^W-b^\ 

•a5][ci---C5] 

\ c xai---a5C4C5C6 [ciC2C3][(iid2rf3] ylc-l-'-cw 



[ai---a5][ci---C5] p/e , rai-'-ase jd , 

'/ tci---C56i- -65e-t -r '^dbx-h^ e 



3!3!5! 



;i2i) 



This algebra also presents a behavior similar to that of the D'Auria-Fre superalgebras; 
namely, the commutators between the generators P^, Zah^ -^ai - as and a Fermionic generator 
Q are Q'- valued; but in contrast to fll07p - fll09l) . their commutator with Q' is Q- valued rather 
than zero. In this regard, the generators Jab, Z'^_^,,,^^, have a block- diagonal form on the 
subspace {Q,Q')] their commutator with Q is Q- valued and the one with Q' is Q'- valued. 
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We have seen several examples showing how, starting from only one original algebra q 
and using different semigroups, different resonant subalgebras can arise (see Theorem IIV.2p . 
This is particularly interesting if one considers the strong similarities between the semigroups 
considered, which nevertheless lead to different resonant structures. 

VI. REDUCED ALGEBRAS OF A RESONANT SUBALGEBRA 

In previous sections we have seen how information on the subspace structure of the 
original algebra g can be used in order to find resonant subalgebras of the 5'-expanded 
algebra S x g. In this section we shall examine how this information can be put to use 
in a different way, namely, by extracting reduced algebras (in the sense of Def. III.3|) from 
the resonant subalgebra. It is following this path that, e.g., the generalized Inonii-Wigner 
contraction fits within the present scheme. 

The following general theorem provides necessary conditions under which a reduced al- 
gebra can be extracted from a resonant subalgebra. 

Theorem VI. 1 Let ^5r = ^p^j Sp x Vp be a resonant subalgebra of <3 = S x g, i.e., let 
eqs. (E^i (34^ be satisfied. Let Sp = SpU Sp be a partition of the subsets Sp C S such 



that 



Sr,ns„ = 



(122) 




(123) 



Conditions U2S\) and U23\) induce the decomposition (25r = 0r © CSr on the resonant 
subalgebra, where 




pel 




When the conditions M22\] - [T2B^) hold, then 



(126) 



and therefore 0r corresponds to a reduced algebra of (5b.- 
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Proof. Let Wp = Sp x Vp and Wp = Sp x Vp. Then, using condition fll23p . we have 



C [Sp-S,) X [Vp,V,] 
c fl ^ 



n 4 



X K- 



For each r e we have nsei{ ) ^^^^ 

C Wr. 

Since 6r = 0^^^ Wp and 6r = Wp, we finally find 

6r,(5r C (5r 

and therefore |0r| is a reduced algebra of C5r. ■ 

Using the structure constants fj4T|) for the resonant subalgebra, it is possible to find the 
structure constants for the reduced algebra |(3r| , 



(Cr,7r-) 



^(a„a,){f>„/3,) - ''Capb, ^ with ttp, /3„ 7, SUch that G A^, G A^, E Sr. 

(127) 

It might be worth to notice that, when every ^Sp C of a resonant subalgebra includes 
the zero element O5, the choice Sp = {Og} automatically satisfies conditions fll22l) - fll23p . As 
a consequence, the O^-reduction introduced in Def. III.3l can be regarded as a particular case 
of Theorem IVI.ll 



A. Reduction of Resonant Subalgebras, WW conditions and the IW contraction 

Theorem IVI.ll above will be useful in order to recover Theorem 3 from Ref. [l| in this 
context. 

Consider the resonant subalgebra from sec. IIVB2I and the following Sp partition, which 
satisfies ffT22D : 

Sp = {Acp, such that ap = p, . . . , Ap j , (128) 
Sp = {Kp, such that ftp = Ap + 1, . . . , A^ + l} . (129) 
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FIG. 7: (a) S^^ resonant subalgebra when g = Vq © V2 © V3 satisfies the Weimar- Woods 
conditions, (b) One possible reduction of the resonant subalgebra from (a), with A'^o = 2, A'^i = 2, 
N2 = 3, = 4. (c) Generalized Inonii-Wigner contraction, corresponding to a different reduction 
of the same resonant subalgebra, with Np = p, p = 0,1, 2, 3. 



In Appendix |X] it is shown that the reduction condition 
to the following requirement on the Np^s: 



on 



Np or 



P+i 



is equivalent 



(130) 



i/;v+i (Np + 1) 

This condition is exactly the one obtained in Theorem 3 of Ref. {]]], requiring that the 
expansion in the Maurer-Cartan forms closes. In the S'-expansion context the case Np^i = 
Np = N +1 for each p corresponds to the resonant subalgebra, and the case Np^i = Np = N 
to its Os-reduction. Fig. [7] shows two different reductions for a resonant subalgebra where q 
satisfies the Weimar- Woods conditions. 



As stated in Ref. 



11], the generalized Inonii-Wigner contraction corresponds to the case 



A^„ 



p; this means that the generalized Inonii-Wigner contraction does not correspond 



to a resonant subalgebra but to its reduction. This is an important point, because, as we 
shall see in sec. IVIIt we have been able to define non-trace invariant tensors for resonant 
subalgebras and O^-reduced algebras, but not for general reduced algebras. 

As an explicit example of the application of Theorem I VI. 11 the d = 11 five-brane Super- 
algebra is derived as a reduced algebra in the next section. 
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FIG. 8: (a) Resonant subalgebra of the 5-expanded algebra 5^ x osp (32 11). (6) One particular 
reduction of this resonant subalgebra reproduces the five-brane Superalgebra. 

B. Five-brane Superalgebra as a Reduced Algebra 



Let us recall the resonant subalgebra used in order to get the M algebra in sec. IV A[ For 

(9) _____ 

this case, the resonant partition 5"^. = 5*0 U U 6*2 corresponds to the one from eq. (170|) for 
the case N = 2, i.e., 



50 = {^0^^2,^3} 

51 = {Ai, A3} , 

52 = {A2, A3} . 



(131) 
(132) 
(133) 



In order to construct a reduced algebra, perform a partition of the sets Sp themselves. 



Sp = SpU Sp, such as 



50 — {Ao} 

51 = {Xi} 

52 = {A2} 



'S'o — {A2, A3} , 
^1 = {A3} , 
^2 = {A3} . 



(134) 
(135) 
(136) 



It is not hard to see that this partition of Sp satisfies the reduction conditions fll22p - fll23p . 
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For each p, SpH Sp = 0, and using the multiphcation law fl2^ . we have 

So ' Sq C 5*0, 

Sq ■ Si d Si, 

50 ■ S2 C 5*2, 

51 ■ Si c 5*0 n 5*2, 
5*1 ■ 5*2 c 5*1, 

5*2 ■ 5*2 c 5*0 n 5*2, 

[Compare with equations (17T|) - (176|) and (!MI) - (!69l) ]. Therefore, we have ©r, = (S'o x Vq) © 
[Si X Vi) © (5*2 X V2), which is represented in Fig. IH and the exphcit reduced algebra \^r\ 

[Pa,Pb] = 0, (137) 

[J'^^pJ = (138) 

[J'^'^Jc] = Cj'f, (139) 



[Pa,Z,,...,,] = 0, (140) 
1 

4!' 



,Z6,..,,] = 0, (142) 



[Pa,Q] = 0, (143) 

[Jab,Q] = -^r,,Q, (144) 

[Zabcde,Q] = 0, (145) 

This is the five-brane Superalgebra jisl, Q • 



VII. INVARIANT TENSORS FOR S^-EXPANDED ALGEBRAS 

Finding all invariant tensors for an arbitrary algebra remains as an open problem until 
now. This is not only an important mathematical problem, but also a physical one, because 
an invariant tensor is a key ingredient in the construction of Chern-Simons and Transgression 
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forms (see, e.g., Refs. [2^, |23|, |2J, |25|, l26|, |27|, l28|, |29|, |30|, l3l|), which can be used as gauge 
Lagrangians for a given symmetry group in an arbitrary odd dimension. The choice of 
invariant tensor shapes the theory to a great extent. 

A standard procedure in order to obtain an invariant tensor is to use the (super)trace in 
some matrix representation of the generators of the algebra. However, this procedure has 
an important hmitation for 05-reduced algebras and, for this reason, theorems providing 
nontrivial invariant tensors for S'-expanded algebras are worth considering. 



Theorem VII. 1 Let S be an ahelian semigroup, a Lie (super) algebra of basis {T4}, and 
let {Tai ■ ■ -Ta^) be an invariant tensor for g. Then, the expression 



(146) 



where are arbitrary constants and K^^,,,^^"' is the n-selector for S, corresponds to an 
invariant tensor for the S-expanded algebra = S" x g. 



Proof. The invariance condition for {Ta^ ■ ■ ■Ta„) under g reads 



p=i 



0, 



where 



(147) 



X 



ip) 

Ao-An 



q{Ao)(q(Ai)+-+q(Ap_i)) 



C^AoAp^ i'^Ai ■ ■ ■ Tap_iTbTap+i ■ ■ ■ Ta„) . 



(148) 



Define now 



(Ao,ao)---(A,i,a„) 



X 



_i \q(A),Qo){q(Ai,ai)H hq(Ap_i,«p_i)) ^ (B,/3) 

'-^(A„,ao)(Ap,ap) ^ 



Using the fact that q (A, a) = q {A) and replacing the expressions (ITTi) for the S'-expansion 
structure constants and 01461) for (T(yi^ ■ ■ ■T(^A„,ar^))^ we get 



X, 



(p) 



a^K 



(p) 



'■(Ao,Q!o)---(A„,On) "7-''-ao---a„ ^*-Ao---A„- 

From 01471) one readily concludes that 



n 



0. 



(149) 



p=i 
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Therefore, (T(yij,„^) ■ ■ ■ T(A„,a„)) = a^K^^...^^"< {Ta^ ■ ■ ■ Ta„) is an invariant tensor for = 
S X Q. m 

It is worth to notice that, in general, the expression 

M 

<T(^„«0 ■ ■ ■ T(^„,.„)> = E ^^■■■''"^/3.-/3.a,....J (Ta. ■■■TaJ, (150) 

m=0 

where M is the number of elements of 5" and a^^'"^" are arbitrary constants, is also an 
invariant tensor for (25 = x g. An example of fllSOp is provided by the supertrace. As a 
matter of fact, when the generators are in some matrix representation, and the generators 
T(A,a) in the matrix representation T(^A,a) = [^a]f^ Ta, with [Aq,]^'^ given in eq. (j4]), we have 

STr (T(^,,,,) ■ ■ ■ T(^„,,„)) = Str ■ ■ • T4J , (151) 

where STr is the (super) trace for the T(^A,a) generators and Str the one for the Ta generators. 

Even though the expression (11501) could be regarded as more general than the one from 
eq. (11461) . this is not the case. Using only the associativity and closure of the semigroup 
product, it is always possible to reduce eq. (I150p to eq. (11461) . which in this way turns out 
to be more "fundamental." 

Given an invariant tensor for an algebra, its components valued on a subalgebra are by 
themselves an invariant tensor for the subalgebra (if they do not vanish). For the case of 
resonant subalgebras, and provided all the a^'s are different from zero, the invariant tensor 
for the resonant subalgebra never vanishes. As matter of fact, given a resonant subset 
partition S = {Jp^zj Sp, and denoting the basis of Vp as {TLp}, the l^R-valued components 
of (I146p are given by 

(T(a,„a,J ■ ■ = a,K.^^...aJ {T,,, ■■■Taj, with G Sp (152) 

These components form an invariant tensor for the resonant subalgebra 0r = ^p^j Sp x 
Vp. Since S is closed under the product ([1]), for every choice of indices ap^, . . . , there 
always exists a value of 7 such that Kaj,^...aJ = 1, and therefore (I152p does not vanish 
(provided that V7, 7^ 0). 

However, an interesting nontrivial point is that a O^-reduced algebra is not a subalgebra, 
and therefore, in general the Og-reduced algebra-valued components of expressions (I146p 
or (I152p do not lead to an invariant tensor. The following theorem offers a solution by 
providing a general expression for an invariant tensor for a O^-reduced algebra. 
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Theorem VII. 2 Let S be an ahelian semigroup with nonzero elements Aj, i = 0,...,N, 
and Xn+1 = O5. Let q be a Lie (super) algebra of basis {Ta}, and let {Ta-^ ■ ■■Ta„) be an 
invariant tensor for q. The expression 

(T^A,,,) ■ ■ ■ T^A„,i^)) = a,K^^..,J {Ta, ■■■TaJ (153) 

where aj are arbitrary constants, corresponds to an invariant tensor for the Os-reduced al- 
gebra obtained from (5 = S x q. 

Proof. This theorem is actuaUy a corollary of Theorem IVILlj imposing ajsf+i = in 
Theorem IVII.ll and writing the iq- ■ - in components of eq. (11491) one gets 

n 

Zl^(?o,io)-(A„,i„) = 0- (154) 
p=l 



Using the expressions for the S'-expansion structure constants ffTTj) and for the invariant 
tensor (I153p . one finds 

y(p) — / I \q(^o,«())(q(^i,«i) + ---+q(Ap_i,ip-i)) 

^ {^ioip'''^AoA,^0!jK.^,„-^^^f^^^^^,„J {Ta, ■ ■ ■ Tp^iTsTp+i ■■■Ta„) + 

+ ^ioip^^^^AoAp^OijKi^...i^_^(N+l)ip+,-J i^M ■ ■ ■ Tp.iTsTp+i ■■■TaS) ■ 



Since 



we have 



and then, 



Ail ■ ■ ■ Xip_,\N+i\p+i_ ■ ■ ■ Ai„ — Atv+i, 



K = 



\-(p) _ /_i ^,q(A),io)(q(Ai,ii)+-+q(Ap_i,jp_i)) B 

"^(Ao,io)-(^n,in) ~ ^> ^ioip ^AoAp ^ 

^^j^h-ip.^kip+^-iJ (Ta, ■ ■ ■ Tp^iTbTp+i ■■■Ta„) . 

But K^-^Cj^B*^ the structure constants [see eq. (12^ ] of the 05-reduced algebra of 
S" X g, and therefore, from eq. (I154p we find that (11531) provides an invariant tensor for it. ■ 

For the O^-reduction of a resonant subalgebra, the proof is analogous to the one given 
above, and we have that 



^(a,,.,J ■ ■ -^K™..)) = (^vi ■ ■ - ^vJ ' such that A,^ G Sp, (155) 
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is an invariant tensor for the 05-reduced algebra of C5r = ^^g/ Sp x Vp. 

The usefulness of this theorem comes from the fact that, in general, the (super)trace 
in the adjoint representation for O^-reduced algebras can give only a very small number of 
components of (11531) . 

As a matter of fact, using the adjoint representation given by the Og-reduced structure 
constants in eq. (1221) . one finds 

STr (T(^,,) ■ ■ ■ T(^„,„)) = ■ ■ ■ i^,„_,.„_/"i^,„.„^'^ Str (T^, ■ ■ ■ T4J , (156) 

and since AjAj = \k{i,j) implies that Aj, Xj 7^ O5, one ends up with 

STr (T(^,,,) ■ ■ ■T(^„,„)) = K^,.,...J' Str (T^, ■ ■ ■ J . (157) 

In general, this expression has less components than eq. (I153p . In order to see this, 
it is useful to analyze the case when there is also an identity element in the semigroup, 
Aq = e, and each Aj appears only once in each row and each column of the semigroup's 
multiplication table (i.e., for each Aj, Xj 7^ e, we have XiXj 7^ Aj and AjAj 7^ Aj). In this case, 
^jiii-'-iJ^ = K-_^,,,-^^, and the only nonvanishing component of the (super)trace is 

STr (T(^,,,) ■ ■ ■ T(^„,„)) = Str (T^, • ■ ■ T4 J , (158) 

which is clearly smaller than f ll53p . In the expansion case S = Se, we have K^^,,,^^'^ = 
'^Hiv+i(ii+---+in) ~ ^ii+---+in therefore, the only non-vanishing component of the (su- 
per)trace is 

STr {T^AuO) ■ ■ ■ T(A.,o)) = Str (T4, • ■ ■ T^J . (159) 

The advantage of the invariant tensor (I153P as opposed to the (super)trace is now clear; 
in the case Se x g, the (super)trace only gives a trivial repetition of the invariant tensor of 
g, and for a resonant subalgebra, just a piece of it. 

One last remark on the invariant tensor (11531) is that for the particular case S = Se, 
since K- . = ^-L ^ , , • n = 5f , , , a topological density or a Chern-Simons form 

*l"-*n -Hjv + lV*lH r«nj *lH r«n ' 1- O J 

constructed using the invariant tensor (I153p coincides with the one from Ref. [l| for the choice 
= X'^, where A*^ stands for a power of the expansion parameter of the free differential 
algebra. 
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VIII. CONCLUSIONS 



We have discussed how one can obtain a bunch of Lie algebras starting from an original 
one by choosing an abelian semigroup and applying the general theorems IIV.2I and IVI.ll 
which give us "resonant subalgebras" and what has been dubbed "reduced algebras." This 
procedure is a natural outgrowth of the method of Maurer-Cartan forms power-series ex- 
pansion presented in Ref . Jj , from the point of view of the Lie algebra generators and using 
an arbitrary abelian semigroup. The S'-expansion presented here has the feature of being 
very simple and direct; given a semigroup, one needs only solve the resonance condition flM|) 
in order to get a resonant subalgebra, and the very similar reduction conditions fll22p - fll23p 
in order to get a reduced one. These have been solved in several examples in order to show 
how both theorems work, for general algebra structures as well as for very explicit cases, e.g., 
d = 11 superalgebras. As expected, the S'-expansion scheme reproduces exactly the results 
of the Maurer-Cartan forms power-series expansion for a particular choice of semigroup, 
but it is also possible to get interesting new results using other alternatives, as shown in 
sec.lvn 

The examples of the S'-expansion procedure have been chosen according to their relevance 
for the long-term goal of understanding the geometric formulation of 11-dimensional Super- 
gravity. To be able to write a Lagrangian invariant under these symmetries, a key ingredient 
is an invariant tensor. The theorems given in sec. IVIII help fill the gap, since they go a long 
way beyond the simple, and sometimes trivial, invariant tensors obtained from the super- 



trace. Chern-Simons and Transgression forms appear as a straight 



22 



23 



24 



brward choice 



25 



26 



28 



br the con- 



29 



3G, 



3l|. 



struction of a Supergravity Lagrangian in this context 
In this sense, theorems IIV.2t IVI.lt IVII.ll and IVII.2I provide a very practical "physicist's 



toolbox." These have been used to construct a Lagrangian 



28 



3l| 



br the M algebra in 11 dimen- 



sions [l^ following the techniques developed in Refs. 

There are several ways in which this work can be extended. One of them concerns the 
investigation of the specific properties of the algebras generated from different choices of 
abelian semigroups; some kind of general classification would be particularly interesting. A 
first step in this direction would be the construction of the above-mentioned Lagrangians, but 
of course there are a lot of different possibilities to proceed. A different, and perhaps fruitful 
path deals with the generalization of the S'-expansion procedure itself. The conditions of 
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discreteness and finiteness for the semigroup have been chosen primarily for simphcity, but it 
seems as though they could be removed in a generalized setting. The abelianity condition, on 
the other hand, is essential for all of our results to hold, and it is not clear whether it could 
be relaxed. Removing this requirement, a set with both commuting and anticommuting 
elements could be considered. If this possibility turns out to be feasible (which is far from 
trivial; think of the Jacobi identity), it would provide a way to derive superalgebras from 
ordinary Lie algebras and viceversa. 
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APPENDIX A: REDUCTION WHEN g SATISFIES THE WEIMAR- WOODS 
CONDITIONS 

In sec. IIVB 21 it was shown that, when g satisfies the Weimar- Woods conditions, the 
partition = |Jp=o with Sp = {Xap, such that ap = p, . . . , N + 1^ is a resonant one. 
In this appendix we prove that, when each subset Sp is spht as Sp = SpU Sp, with 



Sp = {Acp, such that Op = p, . . . , Np^ , 

Sp = {Acp, such that Op = Np + 1, . . . , N + 1^ , 



(Al) 



(A2) 



then the reduction condition (11231) from Theorem IVI.ll is satisfied when 




(A3) 
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Before proceeding, it is worth to notice that the partition (lAip - (lA2|) automatically sat- 
isfies the following three properties: 

Np>N, ^ S^C S„ (A4) 

So ■ Sq = Sq, (A5) 

Sp- Sq C such that < i/jv+i (p + Nq) . (A6) 



Since g is assumed to satisfy the Weimar- Woods conditions [l5|, llGj, condition fll23p now 

reads 

Sp-SqC fl Sr, (A7) 

r=0 

where Sp and Sq are given by (lAip - (lA2p . 

Let us analyze this condition for the particular case p = 0: 

Q 

So-SqC[] Sr. (A8) 
r=0 

Using eq. (lASp . this turns out to be equivalent to 

<? 

SqCf] Sr. (A9) 
r=0 

In this way, we have that for each < r < q, Sq C Sr, and using eq. (]A4p . we get the 
equivalent condition 

Vr <q,Nr< Nq. (AlO) 
This condition and the product ( l26l) now imply that 



n ^'^ ^ SH„{p+q). 
r=0 

Using this fact, the condition (1A7I) takes the form 

Sp ■ Sq C SH„(p+q). 

(All) 



Using eq. (1A6p . one finds that, in order to satisfy this requirement, it is enough to impose 
that, for each S^ such that < Hj^+i {Ng + p), one has Sr^ C SH„{p+q). Alternatively 
[cf. eq. (IA4p ]. one can write 

ViV, < Hn+i {Nq + p) , NH,,i^p+q) < N, (A12) 
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and therefore, 

Nh^^,+,)<Hm+^{N,+p). (A13) 

For p = 1 , we have 

(p+i) < Hn+1 {Ng + 1) , 
and using eq. (lAlOp . one finds the inequahties 



N, < iV^„(,+i) < {N^ + 1) 

whose solution is 



Ng or 



^ (Ng + 1) 

This solves condition ( 1A7I) . 
Therefore, we have that 

n 

\&K\=^SpXVp, (A14) 

p=0 

with Sp = {Xap, such that ap = p, . . . , Np^ and 

{Nj, or 
(A15) 
{Np + 1) 

is a reduced Lie algebra with structure constants 

= KpP^'C^pC^ ^itl^ 7p = . . . , AT,. (A16) 
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